intelligent

Interesting
Innovative
R
Exercise 5.1 Question LC Mg
1:
Prove that the function f(x) =5x—3is continuous at x =0,atx=-3and at x = 5.
Answer

The given function is f (x) = 5x-3
Atx=0,1(0)=5%0-3=3
lim 7/(x) =lim(5x-3)=5x0-3=-3
- tim £ ()= 1(0)

Therefore, f is continuous at x = 0
Atx=-3,f(-3)=5x(-3)-3=-18
lim f(x)= lim (5x-3)=5x(-3)-3=-18
cJim £ (x)= £(=3)

Therefore, f is continuous at x = -3
Atx=5,f(x)=f(5)=5x5-3=25-3=22
lim f (x) =lim (5x~3) =5x5-3=22
l‘.i_r;nzf(x) =4(5)

Therefore, f is continuous at x = 5

Question 2:

Examine the continuity of the function f(x)=2x"~1latx=3

Answer

Thus, f is continuous at x = 3
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Question 3:

Examine the following functions for continuity.

1
(a) f(x)=x=5 (b) f(x)=rs,x=5
x* =25
(©) f(x)=:g(d)"¢—5 7 (x)=[x-3|
Answer
(a) The given function is f(x) =x-5

It is evident that f is defined at every real number k and its value at k is k — 5.

It is also observed that, lim f(x)= lim (x=5)=k-5=f(k)

Lok

Hence, f is continuous at every real number and therefore, it is a continuous function.
Y 1
(b) The given function is of (\’) = —S-,x #5
X

For any real number k # 5, we obtain

Hence, f is continuous at every point in the domain of f and therefore, it is a continuous

function.

(c) The given function is f(x)= : ,X#=5

For any real number c # -5, we obtain




lim £ (x) = R S A L) i) lim(x—5)=(c—5)

¢ x4 -3¢ x+35 X3¢

'\
o

~lim f(x)=f(c)

Hence, f is continuous at every point in the domain of f and therefore, it is a continuous
function.
S—x,ifx<5

(d) The given function is _/'(x)=|x—5| ={t-5 x5

This function f is defined at all points of the real line.

Let c be a point on a real line. Then,c<5orc=5o0rc>5
Casel:c<5

Then, f (c) =5 -c

Therefore, f is continuous at all real numbers less than 5.

Casell:c=5
Then, f((')=f(5) =(5-—5)=0

lim f(x)= l\up(S -x)=5-c
'lT f(x)=f(¢)

Therefore, f is continuous at x = 5
CaseIll: c > 5

Page | 3 Therefore, f is continuous at all real numbers greater than 5.

Hence, f is continuous at every real number and therefore, it is a continuous function.
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lim e o lin(5) = 5

F"ré._\@ {I'{a‘:)tﬁé“_fpr{c(rb% /(x)=x"is continuous at x = n, where n is a positive integer.
Answer
The given function is f (x) = x"

It is evident that f is defined at all positive integers, n, and its value at n is n".

Therefore, f is continuous at n, where n is a positive integer.

Question 5:

Is the function f defined by

continuous at x = 0? At x = 1? At x = 2?

Answer

x, ifx <l

The given function f is f(x)={5 x>

At x =0,
It is evident that f is defined at 0 and its value at 0 is O.

Therefore, f is continuous at x = 0
Atx =1,

fis defined at 1 and its value at 1 is 1.
The left hand limit of fat x = 1 is,

The right hand limit of fat x = 1 is,




At x = 2,

f is defined at 2 and its value at 2 is 5.

Therefore, f is continuous at x = 2
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Then, lim /(x)=lim(5)=5
QuestiUﬁ‘é;( ) ,Hz( )

Fidl't_l;l;aﬂ'()b)lﬁsf&ﬁ?&iscontinuity of f, where f is defined by

Answer

It is evident that the given function f is defined at all the points of the real line.
Let c be a point on the real line. Then, three cases arise.

(iY)c<2

(ii)c>2

(iiiyc=2

Case (i)c< 2

Therefore, f is continuous at all points x, such that x < 2

Case (ii)c > 2
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Then, f'(¢)=2c-3
lim f(x)=lim(2x~-3)=2¢-3
s lim £ (x)= £ (c)
Therefore, f is continuous at all points x, such that x > 2
Case (iii) c =2
Then, the left hand limit of f at x = 2 is,

lim £ (x)= lim (2x+3)=2x2+3=7
The right hand limit of f at x = 2 is,
lim /(x)=lim (2x-3)=2x2-3=]

It is observed that the left and right hand limit of f at x = 2 do not coincide.
Therefore, f is not continuous at x = 2

Hence, x = 2 is the only point of discontinuity of f.

Question 7:

Find all points of discontinuity of f, where f is defined by
|x|+3,ifx$-—3

f(x)=1-2x,if-3<x<3
6x+2,ifx =3

Answer

|x|+3=—x+3. ifx<-3
f(x)= =2x, if -3<x<3
6x+2, ifx=3

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

If e <=3, thenf(c)=—c+3
lim f(x)=lim(-x+3)=~c+3

Poee 1€ i £ (x)=1(c)
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f(x)= T ifx#0
0,ifx=0

ase 1l
|

If¢=-3, thenf(-3)=—(-3)+3=6

Therefore, f is continuous at x = -3

Case III:

Jim 7(x)= lim (—x+3)=—(-3)+3=6

Jim, f(x)= lim (—2x)=-2x(-3)=6

w lim / (x) = £ (=3)

Therefore, f is continuous in (-3, 3).

Case 1IV:

If c = 3, then the left hand limitof fat x = 3 is,

The right hand limit of f at x = 3 is,

It is observed that the left and right hand limit of f at x = 3 do not coincide.
Therefore, f is not continuous at x = 3
Case V:

Therefore, f is continuous at all points x, such that x > 3

Hence, x = 3 is the only point of discontinuity of f.

Question 8:

Find all points of discontinuity of f, where f is defined by
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A
ngv;e(l)'. then (el =1

lim, |l| ifx#0
X /(x): X nx#
0,ifx=0

It is known that,x<0:|r|=—.rand.\‘>02|x'=x

Therefore, the given function can be rewritten as

1:|=-——{=—l ifx<0
X x

S(x)=40, ifx=0
|i|=—-l. ifx>0
X x

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

Therefore, f is continuous at all points x < 0
Case II:
If c = 0, then the left hand limit of fat x = 0 is,

The right hand limit of f at x = 0 is,

It is observed that the left and right hand limit of f at x = 0 do not coincide.
Therefore, f is not continuous at x = 0
Case III:
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IS 2P Y
b(eﬁw‘i')e— =a 0 I|s t[h‘g<o['|ly point of discontinuity of f.

x+1, ifx=1
fg:llscontmmty of f, where f is defined by
I, ifx<lI

Firldhfl phirjts

Question 9: {

Answer

ifx<0
7= ™

--I, ifx=0
It is known that, x < 0 = |x| =—X

Therefore, the given function can be rewritten as

Let c be any real number. Then, Iin}f(. X)= |lm( 1)=-1

Nl

Also, [(¢)=~1=1lim f(x)
X%
Therefore, the given function is a continuous function.

Hence, the given function has no point of discontinuity.

Question 10:

Find all points of discontinuity of f, where f is defined by

Answer
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Let c be a point on the real line.

Case I:

Therefore, f is continuous at all points x, such that x < 1

Case II:

The left hand limitof fat x = 1 is,

The right hand limit of fat x = 1 is,

Therefore, f is continuous at x = 1

Case III:

Therefore, f is continuous at all points x, such that x > 1

Hence, the given function f has no point of discontinuity.

Question 11:

Find all points of discontinuity of f, where f is defined by
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, =1 ifx<l;
x)=
/(¥) {r". ifx>1

Answer

-3, ifx<2

1 +1, ifx>2

[B_2 ifseco
-1, ifx <

./'(“’) = bl o
K ifx>1
The given function f is defined at all the points of the real line.

Let c be a point on the real line.

Case I:

Ife <1, then f(c)=¢"-1and lxl_rpf(A) = |1i_l’13(x"' —I)=c"’ -1
lxig:f(x) = f(c)

Therefore, f is continuous at all points x, such that x < 2
Case II:

lim £ (x)=lim (x""=1)=1"-1=1-1=0

a-»l x>l

lim / (x) = lim (x*) = 1" =1

x=!"

Therefore, f is continuous at x = 2
Case III:

Ife>1, thenf(c)= et
lim f(x)= lim(x: ) =¢?

X X

fh@éf’gg,)f_'ilcgggtinuous at all points x, such that x > 2

Thus, the given function f is continuous at every point on the real line.

Hence, f has no point of discontinuity.

Question 12:

Find all points of discontinuity of f, where f is defined by
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x+5, ifx<1

anddd) = {x -5, ifx>1

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

Therefore, f is continuous at all points x, such that x < 1
Case II:
If c = 1, then the left hand limit of fat x = 1 is,

The right hand limit of fat x = 1 is,

It is observed that the left and right hand limit of f at x = 1 do not coincide.
Therefore, f is not continuous at x = 1
Case III:

Therefore, f is continuous at all points x, such that x > 1
Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

Question 13:
Is the function defined by
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a continuous function?

Answer

x+5, ifx<1

x=5 ifx>1

The given function is f(x)={

The given function f is defined at all the points of the real line.
Let c be a point on the real line.

Case I:

Ife <1, thenf(c)=c+5and lim f(x) =lim(x+5)=c+5

Therefore, f is continuous at all pomts X, such that x < 1

Case II:

sim f(x)= f(c)

A

The left hand limit of fat x = 1 is,
Ifc=1,thenf(1)=1+5=6

The right hand limitof fat x = 1 is,

lim f(x)=lim(x+5)=1+5=6

x| x—l

It is observed that the left and right hand limit of f at x = 1 do not coincide.

Therefore, f is not continuous at x = 1
Case III:

Therefore, f is continuous at all points x, such that x > 1
Thus, from the above observation, it can be concluded that x = 1 is the only point of

discontinuity of f.

Question 14:



Discuss the continuity of the function f, where f is defined by

3,if0<x<1
f(x)=44,if1<x<3
5, if3<x<10
Answer
3,if0<x<l1
The given function is f(.\‘)= 4, ifl<x<3
5, if3sx<10

The given function is defined at all points of the interval [0, 10].
Let c be a point in the interval [0, 10].

Case I:
If0<c <l thenf(c)=3and lim f(x)=1lim(3)=3

< lim f(x)=1(¢)

Therefore, f is continuous in the interval [0, 1).

Case II:

Ife=1, thenf(3)=3

The left hand limitof fat x = 1 is,
lim f(x)= lln'1(3) =3

The right hand limit of fat x = 1 is,

It is observed that the left and right hand limits of f at x = 1 do not coincide.
Therefore, f is not continuous at x = 1
Case III:

Therefore, f is continuous at all points of the interval (1, 3).
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fim i x) = lim (4) =4

The right hand limit of f at x = 3 is,

lim f(x)= lim (5)=5

X L e B

It is observed that the left and right hand limits of f at x = 3 do not coincide.

Therefore, f is not continuous at x = 3
Case V:

lim f(x) = f(c)
If3<c <10, thenf(c)=5and lim f(x)=lim(5) =5

Therefore, f is continuous at all points of the interval (3, 10].

Hence, f is not continuous at x = 1 and x = 3

Question 15:

Discuss the continuity of the function f, where f is defined by

Answer
2x, ifx<0
The given function is f(x)= 0, ifo<sx<l
4x, ifx>1

The given function is defined at all points of the real line.
Let c be a point on the real line.

Case I:
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Case II:

Ife=0, thenf(c)= f(0)=0
The left hand limit of fat x = 0 is,

| = i " :‘, =
Hp L) lym) ==

The right hand limit of fat x = 0 is,
lim f(x)=1im(0)=0
vl '

wlim f(x) = £(0)

Therefore, f is continuous at x = 0

Case III:

If0<c<I, thenf(x)=0and lim f(x)= I'iT_(O) =0
lx"ll f(x)=1(c)

Therefore, f is continuous at all points of the interval (0, 1).
Case IV:

The left hand limit of fat x = 1 is,
The right hand limit of fat x = 1 is,

It is observed that the left and right hand limits of f at x = 1 do not coincide.
Therefore, f is not continuous at x = 1
Case V:

Therefore, f is continuous at all points x, such that x > 1

Hence, f is not continuous only at x = 1

uestion 16:



=2, ifx<-1
f(x)=492x, if -1<x<1
Answer 2, ifx>1

=2, ifx< -1
f(x)=42x, if -1<x<1
The given funétion lis defined at all points of the real line.

Let c be a point on the real line.
Case I:

If ¢ <=1, then f(¢)=-2 and [u:nf(r) = I“iT(—2) =2
< lim fix)=7£(c)

Therefore, f is continuous at all points x, such that x < —1
Case II:

Ife=-1, thenf(c)=f(-1)=-2
The left hand limit of fat x = —1 is,

lim f(x)= lim (=2)=-2

The right hand limit of fat x = —1 is,

Therefore, f is continuous at x = -1
Case III:

Therefore, f is continuous at all points of the interval (-1, 1).
Case 1V:

Page | 17




Page | 18

The Igftdhantiinit o £ 3t(3)= 115, ..(1)
Also,
1R ) rafily e dd Pt L 1 i

lim S(x)= Iin‘1(2x) =2x]=23

lim S(x)=1im2=2

'

Therefore, f is continuous at x = 2

Case V: .. ltl_l;r'lf(t) = f(c)

Ife>1, thenf(c)=2 and lim f(x)=lim(2)=2
lim f(x)=/(¢) o o
Therefore, f is continuous at all points x, such that x > 1

Thus, from the above observations, it can be concluded that f is continuous at all points

of the real line.

Question 17:
Find the relationship between a and b so that the function f defined by

is continuous at x = 3.

Answer

If f is continuous at x = 3, then
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Therefore, from (1), we obtain

3a4+1=3h+3=3a+1
=3a+1=3h+3
=3a=3b+2

:.>a=b+~2—
3

2
Therefore, the required relationship is given by, a =h+§

Question 18:

For what value of A is the function defined by

continuous at x = 0? What about continuity at x = 1?

Answer
. o A(x*-2x), ifx<0
The given function is f(x)=

4x+1, ifx>0

If f is continuous at x = 0, then

Therefore, there is no value of A for which f is continuous at x = 0

Atx =1,
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Therefore, for any values of A, fis continuous at x = 1

lim(4x+1)=4x1+1=5
@ulestion19:

lim /(x)= £ (1)

Show that the function defined by g(x)= x—[x] is discontinuous at all integral point.

Here [r] denotes the greatest integer less than or equal to x.

Answer
The given function is g(x) = x—[.\‘]

It is evident that g is defined at all integral points.
Let n be an integer.
Then,

The left hand limit of f at x = n is,
The right hand limit of f at x = n is,

It is observed that the left and right hand limits of f at x = n do not coincide.
Therefore, f is not continuous at x = n

Hence, g is discontinuous at all integral points.

Question 20:

Is the function defined by f(x)=x: —sinx+ 5 continuous at x = p?

Answer

The given function is f(x)= x> —sinx+5
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Atx=m, f(x)=f(r)=n"-sinn+5=n"-0+5=n"+5

Consider lim / (x) = lim (x* —sin x+5)
R 2 XX

Putx=m+h

If x > m, then it is evident that h— 0

o lim £ (x) =lim (x* ~sin x +5)

X

= limI:(1t+h)2 —sin (n+h)+5]

h—=0
=lim(n+h) —limsin(n+h)+1im35
Je—0) h—=0 fr—0

=(n+0) - Iim[siu ncosh+ cosnsinh] +5
N0
=7’ —limsin mcosh— lim cos wsinh+ 5
h—0 h—0

=n" —sinmcosO—cosmsin0+5
=7 —0xl—(—l)x0+5
=%’ +5

lim £ (x)= ()

Therefore, the given function f is continuous at x = n

Question 21:

Discuss the continuity of the following functions.
(a) f (x) = sin x + cos x

(b) f (x) = sin x — cos x

(c) f (x) = sin x x cos x

Answer

It is known that if g and h are two continuous functions, then

g+h, g—h, and g.h are also continuous.
It has to proved first that g (x) = sin x and h (x) = cos x are continuous functions.
Let g (x) = sin x

It is evident that g (x) = sin x is defined for every real number.

Page | 21 Let c be a real number. Putx = c + h
Ifx > c,thenh -0
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Therefore, g is a continuous function.

Let h (x) = cos x
It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Put x = c + h
If x - c, thenh -0
h (c) = cos ¢ g(c) =sin¢
lim g (x) = limsin x

imsin(c+h)

=]
Jral

= lim[sin ¢ cos & + cos esin h]
i)

=lim(sinccosh) + lim (cosesin /)

)
=sinccos0+cosesin0
=sinc+0

=sinc¢
lim g (x)=g(c)
Therefore, h is a continuous function.
Therefore, it can be concluded that
(@) f(x) =g (x)+ h(x) =sinx + cos x is a continuous function
(b) f (x) = g (x) — h(x) =sin x — cos x is a continuous function

(c) f(X) =g (x) x h(x) =sin x x cos x is a continuous function



e continuity o e cosine, cosecant, secant and cotangen ,
Answer

It is known that if g and h are two continuous functions, then

h(x)
g(x)

(i)
(i)

. £(x)# 0 is continuous

| : :
————, g(x)#0is continuous
g(x)

I | : ;
(i) ——, h(x)=0 is continuous

h(x)

It has to be proved first that g (x) = sin x and h (x) = cos x are continuous functions.
Let g (x) = sin x
It is evident that g (x) = sin x is defined for every real number.
Let c be a real number. Put x = c + h

If x —>c,thenh — 0

Therefore, g is a continuous function.
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Let h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.
Let c be a real number. Put x = c + h

If x —c, thenh -0

h (c) = cosc
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lim /(x) = lim cos x

A= L=

=I|mcos(c+h)

= Ima[cou cos i —sinesin /|
»

=limcosccosh—limsinesinh
fresl) fr=»0)

=cosccosO-sinesin0
=coscx]-sinex0
=cosc
% lxl_l}: h(x) = h(c)
Therefore, h (x) = cos x is continuous function.
It can be concluded that,

1 2 ; i
cosec x =, sinx # 0 is continuous
sinx

=> cosecx, x #nn (ne Z) is continuous

Therefore, cosecant is continuous exceptatx = np,nIZ

| : 3
secx =, cosx # 0 is continuous
cos X

=>secx, x#(2n+ l)—- (n&Z) is continuous

Therefore, secant is continuous except at x = (2n+ I)— (ne Z)

Therefore, cotangent is continuous except at x = np, ni Z

Question 23:

Find the points of discontinuity of f, where
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Answer
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sinx ..
—, ifx<0

S(x)=9 x

x+1, ifx20

It is evident that f is defined at all points of the real line.

Let c be a real number.

Case I:

If ¢ <0, then £ (c)=""° and Iimf(x):Iim(smx]-—-smc
¢ xobo T\ X ¢

wlim £ (x) = £ (¢)

Therefore, f is continuous at all points x, such that x < 0
Case II:

Therefore, f is continuous at all points x, such that x > 0
Case III:

The left hand limit of f at x = 0 is,

The right hand limit of f at x = 0 is,

Therefore, f is continuous at x = 0

From the above observations, it can be concluded that f is continuous at all points of the

real line.

Thus, f has no point of discontinuity.
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Question 24:
Determine if f defined by

e 1 4
x“sin—,ifx20

f(x)= X
0, ifx=0
is a continuous function?
Answer
“Yicwl)
) xosin—, ifx#0
f(x)= x
0, ifx=0

It is evident that f is defined at all points of the real line.
Let c be a real number.

Case I:

Therefore, f is continuous at all points x # 0

Case II:
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X

. . . . > .|
lim f(x)=lim (xzsm— =lim| x”sin—
x>0 X0 X X0

; w1
It is known that, —1<sin—=<1, x#0
X

A
= —x’ <sin—< x*
X

. 2 . 2 I . 2
= lim(-x )Slll‘n x sin— |<limx
x—0 x—0 5 x—)

=0< Iim(.\'2 sin l] <0

x—0 X

= lim (x: sin l) =0
x>0 X

s lim £(x) =0

Similarly. lil})’! /(x)=lim (xz sin l) = lim[x2 sin l) =0
Fa x

x—0" x>0 3
sAim f(x)= £(0)= lim f(x)
x-»0 x—0'
Therefore, f is continuous at x = 0
From the above observations, it can be concluded that f is continuous at every point of

the real line.

Thus, f is a continuous function.

Question 25:

Examine the continuity of f, where f is defined by

Answer

It is evident that f is defined at all points of the real line.

Let c be a real number.
Page | 28 Case I:




Therefore, f is continuous at all points x, such that x # 0
Case II:

If ¢ # 0, thenf'(¢)=sinc—cosc

lim f(x)= ]vi}‘r‘!(sin x—cosx)=sinc-cosc

N-»C

sdim £(x)=f(c)
If ¢ =0, thenf(0)=-1

lim f(x) = lim (sin x —cos x) = sin 0—cos 0 = 0—1 =1

lim f(x)=lim(sinx—cosx)=sin0—cos0=0-1=-1
Therefore, f'is'continuous at x = 0

Frdtﬂ’tﬁéﬁ)o%\}&bgs‘eﬂ/?téﬁg) it can be concluded that f is continuous at every point of

the real line.

Thus, f is a continuous function.

Question 26:

Find the values of k so that the function f is continuous at the indicated point.

Answer

T T
The given function f is continuous at x=§, if f is defined at .\'=5 and if the value of the f

T T
at x=§ equals the limit of f atx=§.
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T n
It is evident that f is defined at x=—2- and f[—) =3

2
kcosx
lim f(x)=1lim
X f( ) 7(—2x
Putx=—+h

Then.x—»%:h—)O

kcos(£+hJ
kcos.t_l. 2

limf(x)=lim = lim
r—>§ ;—,g n—2x h0 R—Z[E+hJ
2
=klim smh=£|imsmh=£ |=£
0 2k 28 h 2 2

Therefore, the required value of k is 6.

Question 27:
Find the values of k so that the function f is continuous at the indicated point.

Answer

kx?, ifx<2

The given function is f(x)={3 T
A x>

The given function f is continuous at x = 2, if f is defined at x = 2 and if the value of f at

X = 2 equals the limitof fat x = 2

It is evident that f is defined at x = 2 and /(2) =k(2)2 = 4k




lim £ (x)= lim f(x)= /(2)
= lim (kx*)= lim (3) = 4k

x-» 2 x-»2'

= kx2' =3=4k

=4k =3=4k 3
Theygfore, the required value of kis 1

k==
Questign 28:
Find the values of k so that the function f is continuous at the indicated point.

x+1, ifx<n
f(x)= 2 atx=m
cosx, ifx>m
Answer
kx+1, ifx<n

The given function is f(x)= 3
9 ' ( ) {cosx, ifx>n

The given function f is continuous at x = p, if f is defined at x = p and if the value of f at

X = p equals the limitof fat x = p

It is evident that f is defined at x = p and /' (7)= kn+1

: 2
Therefore, the required value of kis ~—,
n
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Question 29:

Find the values of k so that the function f is continuous at the indicated point.
kx+1, ifx<5

f(x)={ atx=5

3x-5, ifx>5
Answer
kx+1, ifx<5
3x-5, ifx>5

(-

The given function f is continuous at x = 5, if fis defined at x = 5 and if the value of f at

x = 5 equals the limitof fat x = 5

It is evident that f is defined at x = 5 and f'(5)=kx+1=5k +1
lim 7 (x) = lim 7 (x) = £(5)
= lim (kv +1)= lim (3x—5) =5k +1
= 5k+1=15-5=5k+1
=5k+1=10
=5k=9
9

> k==
5

Therefore, the required value of k is %

Question 30:

Find the values of a and b such that the function defined by

is a continuous function.
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% ifx<2
f(x)=4ax+b,if2<x<10
21, ifx=10
It is evident that the given function f is defined at all points of the real line.

If f is a continuous function, then f is continuous at all real nhumbers.
In particular, f is continuous at x = 2 and x = 10

Since f is continuous at x = 2, we obtain

lim 7 (x)= lim £ (x)= /(2
= lim (5) = lim (ax+b) =5

=5=2a+b=5
=2a+b=5 (1)

Since f is continuous at x = 10, we obtain
fim £ (x)=lim £ (x)=£(10)

= lim (ax+b)= lim (21)=21
=10a+b=21=2I

=10a+b=21 «(2)

On subtracting equation (1) from equation (2), we obtain
8a =16

By putting a = 2 in equation (1), we obtain
2x2+b=5

=>4+b=5



Therefore, the values of a and b for which f is a continuous function are 2 and 1

respectively.

Question 31:

Show that the function defined by f (x) = cos (x?) is a continuous function.

Answer

The given function is f (x) = cos (x?)

This function f is defined for every real number and f can be written as the composition
of two functions as,

f=goh, where g (x) = cos x and h (x) = x?

It has to be first proved that g (x) = cos x and h (x) = x? are continuous functions.
It is evident that g is defined for every real number.
Let c be a real number.

Then, g (c) = cos ¢

Therefore, g (x) = cos x is continuous function.

Page | 34
h (x) = x?




Page | 35

Clearly, h is defined for every real number.
Let k be a real number, then h (k) = k?

limh(x)=limx* =k’

ek ok

..llﬂ}h(x)= h(k)

Therefore, h is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.

4
.

Therefore, f(x)=(goh)(x)= cos(.\' ) is a continuous function.

Question 32:

Show that the function defined by f(x)=|cosx| is a continuous function.

Answer

The given function is f(x)=|cosx|
This function f is defined for every real number and f can be written as the composition

of two functions as,

f=goh, where g(x)=|x| and h(x)=cosx

It has to be first proved that g(x)=|x| and /(x)= cos.x are continuous functions.

Clearly, g is defined for all real numbers.
Let c be a real number.

Case I:




Ifc>0, theng(c)=cand limg(x)=limx=c

slimg(x)=g(c)

N

If e =0, theng(c)=g(0)=0
fiopglx) = lim (5] =0
petz)-Iglal=0

caligg(x) = lim (x) = £(0)

x=0"

Therefore, g is continuous at all points x, such that x > 0
Case III:

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.
h (x) = cos x

It is evident that h (x) = cos x is defined for every real number.

Let c be a real number. Putx = c + h

Ifx - c,thenh -0

h (c) = cosc
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Therefore, h (x) = cos x is a continuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.
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Therefore, f(x)=(goh)(x)=g(h(x))=g(cosx)=|cosx|is a continuous function.

Question 33:

Examine that Sinlxl is a continuous function.

Answer

Let f(x)=sin|x|
This function f is defined for every real number and f can be written as the composition

of two functions as,
f=goh, where g(x)=|x and h(x)=sinx

[ (goh)(x)= g(h(x)) = g(sinx)=[sinx|= f(x)-l

It has to be proved first that g(x)= |X| and h(x) = sinx are continuous functions.
g(x)=|x| can be written as
-x, ifx<0

g(x)={x, ifx>0

Clearly, g is defined for all real numbers.
Let c be a real humber.

Case I:

Therefore, g is continuous at all points x, such that x < 0

Case II:

Therefore, g is continuous at all points x, such that x > 0
Case III:




i (x)= iy () =0

lim g(x)= ‘lﬂl (x)=0

x=0'

w lim g(x) = lim (x) = g(0)

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points.
h (x) = sin x

It is evident that h (x) = sin x is defined for every real number.

Let c be a real number. Put x = c + k

Ifx ->c, thenk -0

h (c) =sinc

h(c)=sinc
li_mh(x) = limsin x
= liﬂsin(c+ k)

=lim[sinccosk + coscsink|
kD
=lim(sinccosk )+ lim(coscsink)
k-0 h—0
=sinccos0+cosesin0
=sinc+0
=sinc¢
fhelfgl&'@,')rﬁgﬁcaontinuous function.

It is known that for real valued functions g and h,such that (g o h) is defined at ¢, if g is

continuous at c and if f is continuous at g (c), then (f o g) is continuous at c.

Therefore, f'(x)=(goh)(x)= g(h(.\‘)) = g (sin x) = sin xl is a continuous function.

Question 34:

Find all the points of discontinuity of f defined by f(x) = |x|—|x+l|.

Answer
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The two functions, g and h, are defined as

g(x)=|x| and h(x)=|x+1|

Then, f=g —h

The continuity of g and h is examined first.
g(x)=|x| can be written as

)= {—x, ifx<0

x, ifx=0

Clearly, g is defined for all real numbers.
Let c be a real number.

Case I:
If¢ <0, then g(c)=-c and limg(x)=lim(-x)=-c
slimg(x)=g(c)

L

Therefore, g is continuous at all points x, such that x < 0
Case II:

If¢ >0, theng(c)=cand limg(x)=limx=c
slimg(x)=g(c)

N

Therefore, g is continuous at all points x, such that x > 0
Case III:

Therefore, g is continuous at x = 0

From the above three observations, it can be concluded that g is continuous at all points

Clearly, h is defined for every real number.
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Let c be a real number.

Case I:

If e <=1, then i(c)=~(c+1) and lim /(x) = lim [—(x+1)]==(c+1)

Lu,r: h(x)=h(c)

Therefore, h is continuous at all points x, such that x < -1
Case II:

If¢ > =1, then h(c)=c+1and Ilmh(x)-hm(,\ +1)=c+l
hmh(a) h(c)

Therefore h is continuous at all points x, such that x > -1
Case III:

Ife=-1, then h(c)=h(-1)=-1+1=0
lim h(x)= lim [~(x+1)]=~(~1+1)=0
lim h(x)= lim (x+1)=(-1+1)=0

s lim h(x) = ,,'l'_‘T h(x)=h(-1)

x4

Therefore, h is continuous at x = —1

From the above three observations, it can be concluded that h is continuous at all points

of the real line.

g and h are continuous functions. Therefore, f = g — h is also a continuous function.

Therefore, f has no point of discontinuity.



Exercise 5.2

Question 1:

Differentiate the functions with respect to x.

Answer

sin(x* +5)

Letf (x)=sin(x*+5), u(x)=x"+5, and v(r) =sin
Then, (vou)(x)=v(u(x))=v(x*+5)=tan(x*+5)= f(x)
Thus, f is a composite of two functions.
Putr=u(x)=x"+5

Then, we obtain

%=%(sin1)=cost=cos(xl+5)

a d; di.y d
é=z(x‘+5)=E(x‘)+$(5)=2x+0=2x

Therefore, by chain rule, % = %% = cos(x2 +5)>< 2x = 2.1rcos(x2 + 5)

Alternate method

%[sin(x’ +5) ] = cos(+’ +5)'%(x’ +5)
- cos(x"+5) () +5(5)
=cos(x*+5)-[2x+0]
uestion =2xcos(x +3)

Differentiate the functions with respect to x.

Answer
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Thus, f is a composite function of two functions.

Putt = u (x) = sin x

_[sm(ax+b)] COS(GI+b) —(a\'+b) st

=cos(m'+b).|izt-(m)+z(b):|' =/ (x)

=cos(ax+b).(a+0)

By chain rule, —i—ﬂ-i- ~sin(sinx)-cosx = ~cosxsin(sinx)
dr dx

Alternate method

cdv d z S

..E:E[cosr]:—smr:—sm(smx)

e d .

—=—(sinx)=cosx

dx dx

Question 3:

Differentiate the functions with respect to x.

Answer

Thus, f is a composite function of two functions, u and v.

Putt=u(x)=ax+b

Hence, by chain rule, we obtain

Alternate method
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Question 4:

Differentiate the functions with respect to x.

Answer

Thus, f is a composite function of three functions, u, v, and w.

Hence, by chain rule, we obtain
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dt dw ds dt

dx ds dt dx

=sec(lan s/;)-lan(tan \/;)xsecz Jx x E\I/T

= 2_\%:8“2 \f;sec(tan \/;)lan(lan \/;)

B sec’ xsec(tan \/;)tan(tan \/;)
- 2x

Alternate methog

 [ses{ )=o) n (3. 2 (0 )
oo o B S
e ) ) s () 51
) emiE)ef)

* seo(an 5

Question 5:

Differentiate the functions with respect to x.

Answer

sin(ax+b) _ g(x)
cos(ex+d) h(x)’

The given function is /()=

h (x) = cos (cx + d)

where g (x) = sin (ax + b) and
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~ g is a composite function of two functions, u and v.

Putt=u(x)=ax+b

% = %(sint) = cost = cos(ax+b)

%:%(av+b)=%(a,r)+;—i(b)=a+0=a

Therefore, by chain rule, we obtain

g'=%=%-%=cos(ax+b)'a=acos(ax+b)

Consider h(x) = cos(ex+d)
Letp(x)=cx+d, g(y)=cosy
Then,(gop)(x) =g (p(x))=g(cx+d)=cos(ex+d)=h(x)

~h is a composite function of two functions, p and q.

Puty =p(x) =cx +d

Therefore, by chain rule, we obtain




x acos(ax+b)-cos(cx +d)—sin(ax+b){-csin(cx+d)|

[:cos(cx+d):|2

Que§8898£<u+b)+csin(m+b_sin(cx+d)x I
DiffereRPite thd functions with reé‘ﬂééf"‘fd")?f) cos(ex+d)

=acos(ax+b)sec(cx+d)+esin(ax+b)tan(ex+d)sec(cx+d)

Answer
3t 28
cos x'.sin (.r )

The given function is cosx‘.sin’(.r")

%I:cosx3 -sin’ (x5 )] = sin’ (x’)x %(cosx’)+ cos x* x %[sin2 (xS )]

= 2 3 : 3 d 3 3 . b} d . 5
=sin (x )x(—smx )x—(x )+cosx xZSm(x )-—[smx ]
dx dx
. o s 2 . s 3 5 d s
=—sinx’ sin (x )x3x +2sinx’ cosx” -cosx x—(x)
dx
=—3x’sinx’ -sin’ (x")+ 2sinx’ cosx’ cosx’ -x5x*
=10x"* sinx’ cos x” cosx” —3x” sin x” sin’ (x’)

Question 7:

Differentiate the functions with respect to x.

Answer
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And, 28 i(cosl) =-sint
drdt
=—sin(\/;)

o Isin(xz) e <(2x)

Vcos(xz) sin” (xz)
- -2x

"~ Jeos x* sinx* sinx?
B -2\2x

. \J2sin x* cos x* sin x*
Quest—i@v{_&

sinx”vsin 2x°

Differentiate the functions with respect to x.

Answer

Clearly, f is a composite function of two functions, u and v, such that
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By using chain rule, we obtain

Alternate method
Question 9:
Prove that the function f given by

f(\) =|x— ll. x € R is notdifferentiable at x = 1.

Answer

,XeR

The given function is /(x)=|x—1
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It is known that a function f is differentiable at a point x = c in its domain if both

f(e+h)-f(c)

et and lim ==t m 22 are finite and equal.

To check the differentiability of the given function at x = 1,

consider the left hand limitof fat x = 1

fU+h) () _ h+h-u-h-u
h

he -(D h .II
= lim Iﬁl——j = lim = (h<0=>|h=~h)
st h hat
=-1

Consider the right hand limit of fatx =1

- f(+m)-7(1) p+h—q—n-u
b0’ h h .0' h
=Iim|h‘——0=limﬁ (h>0=>|h|=h)
0" h Nl h
=1

Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at x
=1

Question 10:

Prove that the greatest integer function defined by f(.\‘) = [.\'].0 <x<3is not
differentiable at x = 1 and x = 2.

Answer

The given function f is / [r] O<x<3

It is known that a function f is differentiable at a point x = c in its domain if both

f(c+h) f(c)

are finite and equal.

To check the differentiability of the given function at x = 1, consider the left hand limit of
fatx =1




f(1+h)-1(1)

lim L L
hes) h frs0) h

., 0-1 .. -1
=lim—— = lim —=®

B0 h k0 f
Consider the right hand limit of fat x =1
- S(+h)-7(1) _ ' [1+4]-[1]

h 0" h

m
h-0"

—»

v hmde o
=lim-—=1lim0=0
0" h-0'
Since the left and right hand limits of f at x = 1 are not equal, f is not differentiable at
Xx=1
To check the differentiability of the given function at x = 2, consider the left hand limit

offatx =2

Since the left and right hand limits of f at x = 2 are not equal, f is not differentiable at x

=2
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Exercise 5.3

Question 1:

dv
Find ——: .
de’ 2x+3y=sinx

Answer

The given relationship is 2x+3y =sinx

Differentiating this relationship with respect to x, we obtain

%(2x+3y) = %(sinx)

= %(2x)+ %(3y)=cosx
Y

:2+3d—=cosx
dx

:>3Q=cosx—2
dx

. dy _cosx-2
Cdx 3
Question 2:

Find ﬂ
dx

Answer

The given relationship is 2x+3y =sin y

Differentiating this relationship with respect to x, we obtain



[By using chain rule]

dx
dy
=2= y=3)—
(cos) )dx
jd_)_r_ 2
dx cosy—3
Question 3:
Find ﬂ
dx

ax+by’ =cos y

Answer

The given relationship is ax+ by’ = cos y

Differentiating this relationship with respect to x, we obtain

Using chain rule, we obtain 4 (‘,:)_ 2y " and d (cosy)=~sin) dy
[ in rule, w in —(y")=2y— — y)=- P A
S dv de " v dx
From (1) and (2), we obtain

Question 4:

Find ﬂ
dx
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The given relationship is .\'y+y2 =tanx-+y

Differentiating this relationship with respect to x, we obtain

i(xy+,v2)=%(tanx+y)

dx dx

d d dy

d\'(v)+ ( ) ——(tan r)+dx
= [ y i( X)+x. g‘—]+ 2 1'—,3 =sec’ X+ dy [Using product rule and chain rule]

©odx dx dx dx .

Iy dy dy

TR TR R R, T + &

=yleas ydr sec’ x 7

=>(x+2y—l)% =sec’ x—y

dy _ sec’x-y

Que@'»’ﬂor( X+2y— |)
Find Q
dx
Answer

The given relationship is x* +xv+ ¥* =100

Differentiating this relationship with respect to x, we obtain
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=2x+ [y- : (x)+x- ay] +2y Do [Using product rule and chain rule|

dx

Ix dx

:21+_v-l+x-%+2y“l—f=0

d (., ., 1

I\;(sm‘ y+cosxy)= :Z(n)

= —‘i(sin2 y)+-i (cosxy)=0
dx

dx
Quagstionxg:z"

F;—ﬁ‘(sinl y)=2siny %(sin ¥)=2sin ycos y%

% (eosay) ==sinay 5 (1) =-sinxy| y & (x) 05 % |
nswer

= —Sinxy v.l+xdy =—vsinzy—xsinxvd‘v
The given relations ipis = ¢y 4 T odx

Differentiating this relationship with respect to x, we o

2 y : i dy
—ysinxy—xsinxy— =10
@ws‘tm”}l} ysinx e

: ' " dy .
Eind2 sin y cos y - xsin .Xj’)j— = ysinxy
x

; ; dy .
= (sin 2y - xsin xy);l— = ysinxy
I

dy v sin Xy

vy =sinZ,\«'—xsin,\ry

Answer

The given relationship is $in” v+ cosxy = 1t

(1)

e

Differentiating this relationship with respect to x, we obtain

sin’ x+cos’ y=1
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From (1), (2), and (3), we obtain

Question 8:
dv
Find —
dx
Answer

The given relationship is sin” x +cos’ y=1

Differentiating this relationship with respect to x, we obtain
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d .2 2 d
— S " 4= TP ) = — l
(bln X+COS™ ) ) dx( )

—° %(sin2 x) + %(cos2 y) =0

= 25inx-%(sin .\')+2cosy-%(cosy) =0

=> 2sinxcos x + 2 cos y(~sin y)-% =0

=> §in 2x - sin 2,\’53; =0
dx

12’ §in2x

dx siny
Find —
dx

2x 1

Answer y=sin | -
|+ x°

ol X
The given relationship is y = sin '( > )

1+ x°
y=sin"( 2x‘]
|4+ x*
2

=siny=

-
|+ x°

Differentiating this relationship with respect to x, we obtain

u
is of the form of —.

X
-
1+x*' Vv
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The function,
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d( 2y ) (l+x2).‘§x(2x)—2x-;(l+x’)

de\ 1+ x°

(1+x’)2
(1+x7)2-2x-[0+2x] 242x-ax* 2(1-%")
= - - = = - 2»

(l+x3)2 (l+x’)

Also, sin y =

1+ x?

:>cosy-\/l -siny = [1- (H ]
£
~ ("-“:)2 1=

) (I+x2)2 TR
From (1), (2), and (3), we obtain
1=x" -x! dv 2(1 "1)
142 (l +x* )

dy 2
= ——= 3
de  1+x°

Question 10:
Find ﬂ
dx

Answer

af 3x-X°
The given relationship is y = tan '(] 32
- _"-

.(3)
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= tan_| 3x"‘x3
4 -3¢

ﬁ tan ) — ﬂ V v
Y1538 3tan'3-tan"'3
It is known that, tany = el w(2)

» Y
l|-3tan” -
3

Comparing equations (1) and (2), we obtain

xX= tanz

Differentiating this relationship with respect to x, we obtain

dx dx 3
sy dy
=1=sec”=-—| =
)
ﬁl: Zl.l.i
3 3 dx
:ﬂ: 3 - 3
& oy 1itan?
3 3
ﬂ_ 3
dx 1+x°
Question 11:
dv
Find —
in %
Answer

The given relationship is,



=cosy= =
+x
I—lanzl‘ 2
s T o
letm?2 1+¥

On comparing L.H.S. and R.H.S. of the above relationship, we obtain

tan2 = x
2

Differentiating this relationship with respect to x, we obtain

2 ¥y d(_\) d
sec? L. E 1 X 1= L ()
2 de\2 dx
2y ldy
=>sec  —x——=1
2 2dx
2
:ﬂz =
dx sect
2
5
:>‘—iy—= =
& itan??
2
idy“_ 1
Tdx 1+x°
Question 12:
Find ﬂ
dx
Answer

. af1-%°
The given relationship is y =siIn '[ ,]
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y=sin"[]_x:]
1+ x”

Differentiati-ng:this relationship with respect to x, we obtain

=>siny =

14+ x°

4 (sny)-2{ 1] 1)

1+x°

Using chain rule, we obtain

- dy

S 1111 =COSs y+——

dx( Y) & dx

cosy =/1-sin’ y = l-(:;x,]
o

_ (l+x’)2-(l—x”)2_’ 4y 2

(1) (ex) ¥
7 . 2 )
-‘E(sm y)= 1+:2 -“%— «(2)

From (1), (2), and (3), we obtain
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Alternate method
o 1-%
y=sin =
1+ x”

2

, |-x
Sy =

=>(|+.\'3)sin;v=l—x2

= (14+siny)x* =1-siny

r;_l—siny
" l+siny
(cosz--sinZ
2 2 2
=X = 5
[cosz+sinz)
2 2
cos > —sin =
Sy=—2 2
cosz+sin—
2 2
l—tanf‘—:
=x= 2
1~x~tanf‘f
2
:x:tm[E_X)
4 2
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:—\/’I—(:szgzz (l+x:)x2—:2x-2x
v (l+x:)' )]

-

I+X* dx (l+.\r2)2

2x
The_given ralationship is v = cos ' o
@= 2 P s (Hx‘)

dc 1+x°

Differentiating this relationship with respect to x, we obtain
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QGQH%IZ[JC—(JI < )+l ’d‘]

:>J|— 2x\/:;)2

Answer

31&‘ glven r(elatlo

e 8

= (1-24° zd}
Differentia dg thi

T w—
dx  J1-x*
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1

dx

[x -2x 2:|
—. =+ 1-x
2 J1-%°

d_y_z[—xzﬂ-x:]
dx 1-x°

l'n_

Q[\!p |s V=sin (ZV\(l—_r)

]

1-2x?

rdlatich

Jhip with respect to x, we obtain
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Question 15:

Find ﬂ
dx

Answer

The given relationship is y = sec '(

2x° -1

)



B —>secy =

2x% -1
=cosy=2x"-1

= 2x* =1+cos y

2 D 4
= 2x" =2¢c08" =
2

:>x=cos§

Differentiating this relationship with respect to x, we obtain

i(u):i(cosij
dx dx 2
Dl=-smz-i(z)
2 dx\2
= _] :lﬂ
sin? 2 &
2
:}%: -2 = _2
- Si“',‘; I-cos? 2
< 2
=y, & -
de  \1-x
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Question 1:

Differentiate the following w.r.t. x:
X

€

sin x

Answer

e'
Let y ==
sinx

By using the quotient rule, we obtain

Question 2:

Differentiate the following w.r.t. x:

Answer

A . il

Let y=¢

By using the chain rule, we obtain
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- ot
B es'll"l
1=
.'.ﬂ=—‘..\'€( Ll)
dx I-x"

Question 2:
Show that the function given by f(x) = e®¥is strictly increasing on R.

Answer

Letx, and x, be any two numbers in R.

Then, we have:

Hence, f is strictly increasing on R.

Question 3:

Differentiate the following w.r.t. x:

Answer
Let y=¢"

By using the chain rule, we obtain

Question 4:
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Answer

Let y = sin(tan "¢ )

By using the chain rule, we obtain

% = %[sin (tan'l e’ )]

:cos(tan-'e»r) ; ( _x)z'%( ')
_cos(tan le™ L d
T e

Question 5:

Differentiate the following w.r.t. x:

Answer

Let vy = Iog(cos e')

By using the chain rule, we obtain
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Question 6:

Differentiate the following w.r.t. x:
e . hE

Answer

d 2 ;
—(e’ +e" +..+e" )
dx

)+ %
=e’+[e’2x%(x2)] [e" % .7:3 ]+[ ] [e‘s~%(x’)j|
=e"+(e"zx2x) (e x3x’ )+( X t“‘) (e x5x* )
=¢" +2xe" +3x%" +4x’e" +5x'e"

Question 7:

Differentiate the following w.r.t. x:

Answer

\'l

Let y =

Then, )* ="'

By differentiating this relationship with respect to x, we obtain
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= 2,;)-(—(:“-,"i =e" —‘-!-(\/;)

dx

d_zl 1
= 2y—=e" ——
Y& © 2%

Differentiate the following w.r.t. x:

Answer
Let y = log(log x)

By using the chain rule, we obtain

|

= ,Xx>1
xlogx

Question 9:

Differentiate the following w.r.t. x:

[By applying the chain rule]



Answer

By using the quotient rule, we obtain

(cosx)xlogx—cosxx 2 (logx)

v _ dx dx
dx (logx)’
—sinxlogx —cos.xx
_ x
(logx)
—|xlog x.sin x >
g [xlog x smx-:-cosr]’x>0
x(logx)
Question 10:

Differentiate the following w.r.t. x:

Answer
Let v = cos(logx + e")

By using the chain rule, we obtain
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Exercise 5.5

Question 1:
Differentiate the function with respect to x.

COS X.COS 2x.Cos3x

Answer

Let y = cos x.cos 2x.¢c08 3x

Taking logarithm on both the sides, we obtain

log y = log (cos x.cos 2x.cos 3x)

=> log y = log(cos x) + log(cos 2x) + log (cos 3x)
Differentiating both sides with respect to x, we obtain

lﬂ=—l -i(cosx)+ :
cos3x

ydx cosx dx cos 2x
=Q=_v[_m_ sin 2x ‘i(zx)_ sin3x d 3x)]

-%(0052.\')+ -%(coslr)

dx cosx Ccos2x dx cos3x dx

% = -0 X.c0s 2x.cos 3x [tan x + 2 tan 2x + 3 tan 3x]
Question 2:
Differentiate the function with respect to x.

Answer

Taking logarithm on both the sides, we obtain
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(x=3)(x-4)(x-5)

) (x=1)(x-2)
=logy "03[( ~3)(x—4)(x— 5)]

=logy= E[Iog{(x— 1)(x-2)} ~log {(x~3)(x—4)(x-5)} |

=logy= l[log(x—l)+log(.ir—2)—log(x—3)—Iog(.vr—tt)—log(x—S)]
2

|08y=logJ (x=1)(x-2)

Differentiating both sides with respect to x, we obtain

4 (x-2)-—1. 4 (x-3)

| d
- (x=4)- -5
x—4 dx ( ) \—5 d\'(v )

afvy[1+l_l_l_l)
x=1 x=2 x-3 x-4 x-5

cdv 1 (x=1)(x-2) 1 I I
" 2\/(» ~3)(x-4)(x- 5)[ -0 Zed wed x-—S]

Question 3:

COs ¥

Iy _ -| dv( S xX- Zdr

(log x)
Differentiate the function with respect to x.

Lety = (logx)™"

Answer

log y = cos.x-log(log x)
Taking logarithm on both the sides, we obtain

Differentiating both sides with respect to x, we obtain
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1 dv

v _d d
—+——=—(cos x)xlog(log x)+cos .x x E[log(logx)]

ydxz

=—sin xlog(logx)+cosxx ~di(logx)
X

1
y dx log x

dy : cosx |
= ——=y| —-sinxlog(logx)+ -
dx y[ log(log) Iogxxx]

Z_y = (log x)™"* [ COSX sinix Iog(logx)]
X

xlogx
Question 4:

Differentiate the function with respect to x.

Answer

u=x*

Taking logarithm on both the sides, we obtain

Differentiating both sides with respect to x, we obtain

y = 2sinx

Page | 77 Taking logarithm on both the sides with respect to x, we obtain
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logv=sinx-log2
Differentiating both sides with respect to x, we obtain

1 dv d
e i (T I 2._ 1
5 0g2:— (sinx)

dv
= —=vlog2cosx
dx

=B _ gins gos log 2
X

dv

s =x"(1+logx)-2"" cosxlog2

uestiop 5: .3
§x+ 5 .Fx+4r2 (x+5)"
ifferentiate the function with respect to x.

Lety = (x+3) .(x+4) .(x+5)"
Taking logarithm on both the sides, we obtain
logy =log(x+3) +log(x+4) +log(x+5)’

= log y =2log(x+3)+3log(x+4)+4log(x+5)
Differentiating both sides with respect to x, we obtain
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Question 6:

Differentiate the function with respect to x.

X |
(x+ -l-) + x[' "]
X
Answer

J l&l\
LC(_V:(_\‘+_I-) +.‘.[ .rJ

X

(v ) =™
Also, letu=| x+— | and v =

X
LY=U+y
S (1)
dx dx dx

Differentiating both sides with respect to x, we obtain
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| du _d

== dx(x)xlog(x+£]+xx%|:|og(x+£]]

1 du 1 | J
=>——=|X|0g X+—[+xx . a
u dx X (x+l) 7R

- 1
du (1Y, | l) (x—;]
—=|x+—| |log| x+— |+7—X
de \  x) L X (“_l)
% X
du | [ 7 l) -
dx \ X ! X 2]
du s N[ -
= —=|Xx+— 3 +lOg[x+_J
\ X) =

Differentiating both sides with respect to x, we obtain

(2)



1 dv d 1 1) d
v = | | 14— | IxlOg x 4| 14— |- —log x
v odx |dx X x ) dx

1 dv ( 1 ) ( IJ |
=———m| == logx+| 14— |+—
v dx X B o

ldv  logx 1.

v dx ol R
dv [—log.\'+x+l:|
—_— =V ——
dx &
.' iy y
:ﬂzx[' ,) x+1 2l<)§,.t‘ i)

dx X
Therefore, from (1), (2), and (3), we obtain

X 2 = / .! =
Q=(.\'+1] x1 |+Iog[.\'+l) +x|'| '}(——H' ’Iogx
dx x) | x*+1 X 2

uestion 7.
log x
0gx) +x

Differentiate the function with respect to x.

Answer

u = (log x)*
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Differentiating both sides with respect to x, we obtain

J



Differentiating both sides with respect to x, we obtain
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| du
udx

(x)x log(logx)+x- [log(log x)]
. da =u[lxIog(logx)+x-é-i(logx)]

= % = (logx)’ Iog(logx)+$ i]

du
e = (logx)’ Iog(logx)+ ogx]

[ log(logx)-1 1
o gy ol
dx log x

du x-1
Fe - (logx) [I + Iogx.log(logx)]

v = x**
= logv= Iog(x""")

=> logv =logxlogx = (log x)2

% % dx[(logx) :]

1 dv d
=i —2(logx)-—‘};(logx)

dv 1
= —=2v(logx) —
dx ( % )x
dv =g yhoes log x

x

= —

z%: 2 ylosx-1 -log x (3)

‘b" el Jogx-1
-~ =(log. 1+ log x.log(log x) |+ 2x™" " log
e (log x) [ og x.log (log r)] X ogx

Therefore, from (1), (2), and (3), we obtain

(2)



Question 8:

Differentiate the function with respect to x.
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nswer .
?smxe) +sin”' Jx

Lety = (sinx)" +sin”' Vx

Also, let u = (sinx)" and v =sin"' Jx

LY=u+y

dy du dv

—— e — sl
Ta @ & (1)
u=(sinx)’

= logu = log(sinx)"
= logu = xlog(sin x)
Differentiating both sides with respect to x, we obtain

ldu d L d ;
ﬁ;z=E(x)xlog(smx)+xxa[log(smx)]
du ; 1 @
:E—“|:].Iog(s"‘x)-’-x.?nx“z(sml)]

du . X . X
s (sinx) [log(sm x)+E cosx]

:;»% = (sinx)" (xcot x +logsin x) -(2)

Differentiating both sides with respect to x, we obtain

Therefore, from (1), (2), and (3), we obtain
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Differentiate the function with respect to x.

Answer

XM 4 (sinx)™
Lety = x™" +(sinx)™"

: . cos
Also, let u = x""* and v = (sinx)™"

Ly=su+y

:ﬂ:ﬂ-{-ﬂ ..-(1)
dx dx dx

u=x"

= logu = Iog(x”i"’)

= logu =sinxlogx
Differentiating both sides with respect to x, we obtain

%% = %(sin x)- Iogx+sinx-%(logx)

du [ . l}
= —=u|cosxlogx+sinx-—
dx X

= % = x* [cosxlogx+ smx] -(2)

X

Differentiating both sides with respect to x, we obtain
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i(cos x)xlog(sinx)+cos xx i.[log(sin x)]

:ﬂ-v[—smxlog(smxhcoex a ——(smx)]
dx sinx dx

dv .. yooax . . Cos X
= —=(sinx)""" | —sinxlogsin x +———cos x
d sinx

X

= % =(sinx)™" [~sin xlogsin x + cot xcos x]

d" . COs X - -
From (1 {siy) andq@)s w0 o logsin x]

dy sin x T : .
4o =X | cosxlogx+ +(sinx)™" [cos xcot.x —sin x log sin x]
X X

Question 10:

Differentiate the function with respect to x.

TCON X > 3 +|

r"SWé‘l"'-“—‘l'
Lety= Teosx x: +1

xt -1
Also, let = x""" and v = x: i
-1
Ly=u+y
oo ()
dr de dx

Differentiating both sides with respect to x, we obtain

(8)
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1du; d (x)-cosx-logx+x-i(cosx)-logx+xcosx-iir (logx)
wdx dx dx dx
du 4 1
=~ =u|l-cosx-logx+x-(—sinx)log x+xcosx-—
dx X
du NOOS ¥ .
=>a=x (cos xlog x—xsin xlog x + cos x)
z@=x'““"[:cosx(l+logx)—xsinxlogx]
dx
N x+1
x? =1

= logv =log(x* + I)--log(.vc2 -1

Differentiating both sides with respect to x, we obtain
ldv  2x B 2x

vdy x*+1 x*-1

& !2x(x3—l)—2.v(.r3+|)]

a | ()

dv
:iiz___xzﬂx ~4x
de  x' -1 (x:+l)(x3—l)

St 0)
)
Fj‘qm (1), (2), and (3), we obtain e
— =yt [cosx(l+Iog.r)—xsinxlogx]- —
dx ¥’ - I)‘

Question 11:

Differentiate the function with respect to x.
(xcosx) +(xsinx)r

-2)
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Answer

; 1
Lety=(xcosx) +(xsinx):
I
Also, let u = (xcosx) and v = (xsinx)s

Ly=u+v
dv du dv
APl St
de dx dx

u=(xcosx)"

= logu = log(xcosx)’
= logu = xlog(xcosx)
= logu = x[log x +log cos x|

= logu = xlog x + xlogcos x

Differentiating both sides with respect to x, we obtain

(1)



Page | 90




1
v=(xsinx)

I
= logv = log(xsinx)=

= logv= lIog(xsin x)
X

= logv = l(Iog.\:+logsin x)
X

1 1 ’
= logv =—log x+—logsin x
X X

Differentiating both sides with respect to x, we obtain

—| ~log x

vdy dxl\x dx

ldv_d (1 )

| e

| dv

=>——= -Iog.r~—‘}l—(—l—]+l.%(Iog.\')]+[log(sin.r)i!;(:l;)+l-——

X ¢

ldv [ FYooli ] : L [ -
=>——=|logx:| —— [+—— |+| log(sinx)-| —— |[+————(sinx
vds | X)X X X ) x sinx dx

vde | de\x) x

) log(sinx
:J.sf:r',-(.-.ogm[- ) ] ]
vdx x° x° xsin.x

I ey = : xcot x
_dv W I l(:ga . log (sin x2)+ x cot \J
dx X X

dv ——
= o (xsin.x): .

[ 1-log.x—log (sin x)+xcot .r]
2

K

X
From (1), (2), and (3), we obtain

s g‘" " (xsinx):r K ~log (xsin x)+ xcot x:|
3

Question 12:

I .
Page | 91 Find ey of function.

d

-(3)

Ix{log(sinx)}]

)



The given function is x" + y" =1
x4yt =]
Letx‘)= uandy* =v

Then, the function becomesu + v =1

RSB (1)
dx dx
u=x’

= logu = Iog(x-")

Differentiating both sides with respect to x, we obtain
= logu = ylogx

Differentiating both sides with respect to x, we obtain

From (1), (2), and (3), we obtain
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x-"(logxi’l—’ i+ £)+ _v"{logy+ —{@) =0
dy  x v dx

dv

—(x" log x + x| __)_.=_ ,x,v-l+ *log v
(¥ logx+xy™!) 22 = ~(3 " + " log y)
Qugstiony#3! + y* log y
Tdy X logx+xyt!

Find 4 of function.
dx

Vl = xl‘
Answer

The given function is y* = x'

Taking logarithm on both the sides, we obtain

Differentiating both sides with respect to x, we obtain

xlog y = ylogx
logy-%(x)+x-%(log,v) = logx.%(y)er-%(logx)

:>|ogy+£—=logx—+—
y dx

X dy y

= ==X ====<lo

et

:(x—ylogx]ﬂ=y—xlogy
y dx X

Y i xlogy
“dxd"r x—ylogx
Find —— of function.

dx
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- bwr x
(cosx)" =(cosy)
The given function is (cosar)"' =(f.‘.osy)Jr
Taking logarithm on both the sides, we obtain

Differentiating both sides, we obtain

yvlogcosx = xlogcos y

logcosx-%+y-%(logcosx) = logcosy~%(x)+x-%(logcosy)

dy 1 d
= logcosx—+ y- -—(cosx)=logcosy-1+x-
geosx——+y dx( ) = log cos |

COS X

dv vy
=51 X—+4—= x)=1 3 +——— -
0geosx— cosx( sinx) = logcos y cos ( sin y)-—

— logcosx@-ytanx =log cos y —xtan v@
dx dx

:>(logcosx+xtany)? = ytan x + logcos y
Y

. dy _ytanx+logcosy
QltbstIQﬂai@H log cos x

Find ﬂ of function.
X

xy = e
Answer

The given function is xy = ¢'" !

Taking logarithm on both the sides, we obtain
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Differentiating both sides with respect to x, we obtain

-Z—x(logx)+dir(logy) =%(x)—%

dy_y(x-1)
Tk x(_v+l)
Question 16:

Find the derivative of the function given by f(x)=(l+x)(l+x2)(l+x4)(l+xs) and hence

find /'(1).

Answer

The given relationship is f(x)=(1+x)(l+x’)(l+x‘)(l+x“)

Taking logarithm on both the sides, we obtain

Differentiating both sides with respect to x, we obtain
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1 d

i,
x)+l+x: dx W )+1+x* dx(Hx )+

f(x) dx
l+ X dt

)f()
L 1

= f’(,\‘) = /(x)[ + ~2x+ - 4 4

8x’
1+x  14+x° 1+ x 1+x*

S S(x) = (l+x)(|+x’)(l+.v‘)(l+.r‘)[

| 2x 4" 8x7
+ 2 d + ¥
I+x T4+x" 14x° l+4x

Hence, /'(1)=(1+1)(1+1°)(1+1')(1+ I")[—l« + zx!._ + ‘:: :4‘ + ?: ::]

1+1 1+1
=2x2x2x2 l+£+i+§
2 2 2 2
=|GX(M]

15
Question 17= l6x7 =120

Differentiate (.\“ ~5x +8)(.\“ +7x+ 9) in three ways mentioned below
(i) By using product rule.

(ii) By expanding the product to obtain a single polynomial.

(iii By logarithmic differentiation.

Do they all give the same answer?

Answer

(i) Lety = (x" —5.\-+8)(x‘ + 7x+9)

—[f(\')]= ilog(|+x)+%log(l+x2)+%log(l+x‘)+%log(l+xs)
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Letx’ -5x+8=wandx'+7x+9=v
y=m

U

v4u- % (By using product rule)

U

du
dx
%(x —5x+8) (x’+7x+9)+(x2—5x+8)'%(x3+7x+9)

(2x-5)(x* +7x+9)+(x* - 5x +8)(3x" +7)

U
& S &[S &l% &

2x(x +7x+9)-5(x" +7x+9)+5° (3x* +7) - 5x (35" +7)+8(3x° +7)

= =(2x‘ +14x3 +18x)—-5x3 -35x-45+(3x‘ +7x3)-15x3 ~35x+24x% +56
AY

(-ii)f; = (x’ —5x+8)(.\"’ +7x+9)
=x* (.r" +7x+ 9) - Sx(x‘ +Tx+ 9) + 8(x“ +7x+ ‘))
=x" 4+ 7x" +9x% = 5x' =35x7 ~45x +8x" +56x+ 72

=x" = 5x' 415x° = 26x7 +11x+ 72

A 1(x’ ~5x' +15x° - 2637 +11x +72)
dx d\'

d
( x')- 5m( )+|5dr( x')- 26— ( )+n—( )+—(72)
=5x ~5x4x" +15x3x* -26x2x+|lx|+0
=5x' —20x" +45x* - 52x+11

iy ¥ =(x" =5x+8)(x" +7x+9)

Taking logarithm on both the sides, we obtain

Differentiating both sides with respect to x, we obtain
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log(x* ~5x+8)+ % log(x" +7x+9)

:_L‘SX:—’ I ‘i x1—5x+8)+—,l—'i(-\’"+7x+9)
vdx x*-5x+8 dx X +Tx+9 dx

dv I B
x4+ 7x+

[ 2x-5 L 4T

| x*—5x+8 X' +7x+9

= =) -
X —=5x+8

= x(2x~5)+ . 9—x(3x=+7)]

= —g =(x* —5x+8)(x" +7x+9)

Vi 3 2 gl

nﬂz(x3—5x+8)(x" +7x+9) (2x-5)(x :L7x+9)+(3‘x +7)(x Sx+8)

dx i (¥* =5x+8)(x' +7x+9)
:%=2x(x-‘+7x+9)-5(x‘ +7x+9)+3x% (x* —5x+8)+7(x* ~5x+8)
:ﬂ=(2x‘ +14x +18x) - 5x' —35x— 45+ (3x" —15x" + 24x7 ) +(7x" - 35x + 56)

dx
:%=5x‘ —-20x +45x* - 52x+11
From the above three observations, it can be concluded that all the results of E are
same.
Question 18:

If u, v and w are functions of x, then show that

in two ways-first by repeated application of product rule, second by logarithmic
differentiation.

Answer

Let y=uvw=u(v.w)
By applying product rule, we obtain
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du dv dw
=Wt U— WUV —
dx dx

By taking logarithm on both sides of the equation y = w.v.w', we obtain

log y = logu +log v+ log w

Differentiating both sides with respect to x, we obtain

| dv

s —(logu)+ —(logv)-l-— (logw

¥ dx dx
l dv ldu ldv |1 du
----- —

y dcv wudx vdx w dx
dy (Idu 1 dv Idw)
B Y] neiminisins o emmmne afe e i

—
dx ude vde wdx
Qﬂ—uv (ldu 12"‘ l d“)
dx ude vde wdx
dv du dv dw
3 WA U W UV
dx dx dx dx

(Again applying product rule)
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Exercise 5.6

Question 1:

If x and y are connected parametrically by the equation, without eliminating the

parameter, find —.
dx
x=2at’, y=ar’

Answer

The given equations are x = 2ar” and v = ar’

Then,£=i(2at2)=Za-i(tz)=20~2t=4at
dt dt dt
dy_ d 4\ = d (. = D 3
E—E(m )—a~;(( )—a-4‘r =dat

dy
x dy_(dt)_4at3_ s
e jd_t)_4_al—

(dz

Question 2:

If x and y are connected parametrically by the equation, without eliminating the

parameter, find _c_ly_
dx

X=acosB,y=bcosH

Answer

The given equations are x =acosBandy = b cos 6
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Question 3:

dl
Sromptenma G =457
Ia'alf t/l{ dru o

An_ajwer( f j K

Th%gTVr &

j1 g X = sin t and y = cos 2t

dt

Then, % = i(sim) =cost
dt

% = —(cos 21)=—sin2 —(2!) =-2sin2t

dy
L dy { dt J _ —2sin2t -2-2sintcos!

X3 = = =-4sin/
Qdiétsti g_v4 cost cost

1
If x and y are connected parametrically by the equation, without eliminating the

»

arameter, find ——.
P dx

Answer

. . 4
The given equations are x =47 and y = —
!

Iqbk anﬂ(\ata’re 5onnected parametrically by the equation, without eliminating the
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Question 5:
If x and y are connected parametrically by the equation, without eliminating the

dy

parameter, find —
dx

Answer

The given equations arQue=¢osé! 6¢os 20 and y = sin @ —sin 26
If x and y are connected parametrically by the equation, without eliminating the

parameter, find ﬂ-
dx
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Answer

The given equations are x =a(@—sin@) and y = a(l+cosd)

Then,jx—e = a[%(é’)—die(sin 0)] =a(l-cosf)

‘%—=a_:;%(l)+§§(c050)]=a[0+(—sin9)]=—asino
’a_bf) 26in? cos? 0
_dv_\do)_ -asing =—smzcos2=—c052=_cotg
o 'ﬂ) a(l-cos®) 2sin & 5.0 2

\d6 2

Question 7:
If x and y are connected parametrically by the equation, without eliminating the

d"
parameter, find —
X

Answer

sin' ¢ cos’ t

and y =
Jeos2t . Jeos 2t

The given equations are x =




8.3
Thend d[ smt]

dt dt| Jcos2t
Jeos 2t -g;(sin3 t)-sin'1 t-%dcosZr
- cosZt
JcosZ -3sin’1-—(sint)—sin’ 1 x ——— cos 2f
( )- 2«/«.032 dt( )
cosZt
3\/cos2t -sin’ rcost — (=2sin2¢
2Jc0321 ( )
cos 2t
_ 3cos2t sin’ fcost +sin’ tsin 2¢
€08 21+ cos 2t
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dy (:17) ~3¢0s 21.cos” £.sint +cos’ £ sin 2t

T [de 3cos2sin’ 1 cost +sin’ £sin 2t

~3¢0s2f.cos” 1.sinf +cos’ 1(2sint cost)
3cos2tsin’ 1 cost +sin’ ((2sint cost)

sinf cost[—3cosZt.cosl +2cos’ l:]

sint cosl[30052! sinf +2sin’ t]

[—3(2coszt—l)cost+2cos’t:| cos 21 =(2cos’l—1),
- [3(]—25in21)sinr+25in"l] cosZI:(l—Zsinzt)
_ —4cos' 1 +3c0s!
Question 8:  3sinf—4dsin’7
_ —cos3t cos3r = 4cos' 1 —3cost,
sin 3¢ sin 3 = 3sint —4sin’ ¢

=—cot3t

If x and y are connected parametrically by the equation, without eliminating the

parameter, find _c_ly_
dx

Answer

I s
The given equations are x=a(cost+logtan5J and y = asin/t

|
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Then,£=u[ (cost)+—(loglan ]]

dt
y 1 d ]
=d|-—SInf+ ,'; tan;
an’ 2
i 2
I (.t dft
=a| -sinf + cot —-sec’ = | -
2 2 dr\ 2
i f
cos | |
=al|-sint +—=x X —
. 2 2
sin — cos” -
| ) 2
=qa|—sinf+
"sin—cosi
| 272

; 1
=d|—-smi+—
sin/
2
—sin“7+1
=q| ——
smi/

cos’
=a—
sint
d , .
Q=a—(sm!)=acosr
dt dr

Question 9:

If x and y are connected parametrically by the equation, without eliminating the

parameter, find Q—
dx .
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Answer

The given equations are x =asect and y =btan@

Then, % =a-i(sec0) =asecdtand

dv
—-—b——-tn0 hsec’ 0
7 (a ) = bsec’
(""J
‘,_(Iy_ de) _ bsec’ 0 —-bsecacow-r beosd b 1 bcosecf)
dx [dx) asecOtand a acos@sin@ a sind a
do
Question 10:

If x and y are connected parametrically by the equation, without eliminating the

parameter, find Q
)3

Kn-;vc\:’g?ose+0sin 0), y=a(sin@—6Gcosb)

The given equations are

x=a(cos@+0sind) and y = a(sin@-0Ocos )

Then, E‘;_a[_d_cos49+—(05m0)] [—sin&'+Gi(sin0)+sin9—d—(0)]
do dao do do

=a[-sin@+6@cos@+sinb| = adcosd

;’y—g=a[dio(sme)-$(ecoso)] =a[cosﬂ—{&%(cosa)+cos€-:—a(0)}:|

=a[cos @ +05sin 0 —cosO]

=afsing
dy)
dv \do) afsind
So——= tan &
dx (dx) af) cos 0
de



Question 11:

M o v d" 4
If.\':\/a VY giypm \/a ', show that & =%
Answer dx X

in"' con !
The given equations are ¥ =va™ " and y = Ja™
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Hence, proved.
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aﬁv'z%( )+_(3x)+_(2) 2x+3+0=2x+3

.-.i{’ ;1_((7x+3)——(_x)+i(3) 240=2

Exercise 5.7

Question 1:
Find the second order derivatives of the function.

Answer

Let vy =x" +3x+2
Then,

48 i(xm) =20x"
de dx

Que%emn‘iz(zox"‘) 202 (x"’) 20-19- 3" =380x"

F|nd the second order derlvatlves of the function.

Answer

Petcos x
Then,
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Question 3:

Find the second order derivatives of the function.

Answer

Let y=x-cosx

Then,

log x
%:%(x-cosx)=cosx-%(x)+x%(cosx)=cosx~l+x(—sinx)=cosx—xsinx
."2"d ! 1 sinr]-i(cow)-i(rsinr)

Q:—(Iogx)=— T e e

dx dx x

dy i(|)__lx-%(x)+.\'-%(sinx)]

Q'ué:%ti;)d x) X ‘ ‘

= —ama— X+ XCOS.T)
Find the second order derivatives of the function.

=—(xcosx+2sinx)
Answer
3
PetO% ¥ |og x
Then,



Question 5:, 5 1 > 2
=logx-3x +x -—=logx-3x +x
Find the second ordeér derivatives of the function.

=x"(1+3logx)

2 5 d A
Aﬂ%\&ﬁ%":—‘;[x (l+3logx)]
Let y=xlogx o
T(:me:, =A\:2%n‘ugx)-%(x')+x“%(l+3|0gx)
=(l+3log.r)-2x+.vr’-z
X

=2x+6xlogx+3x
=5x+6xlogx
=x(5+6logx)

Question 6:

Find the second order derivatives of the function.

d ; . d ;
S 8 P (e"sin5x)=sin5x- - (e")+e" 5 (sin5x)
Endls, dx  dx dx dx
Let vz =sin5x~e‘+e‘-cosSx~—‘i(5x)=e'sin5x+e'cos5x~5
et y: dx
=e"(sin5x+ 5¢0s5x)
Ay _d

S [e" (sin Sx + 5cos$x)]
' dx

=(sin5x+ 50055,\')-;1 (¢)+e! -d(i(sin 5x+5c0s5x)
=(sin5x+5cos5x)e” +e' [cosSx - di(Sx)+ 5(—sin5x)- %(5\')}
¥

=e"(sin5x+ 5cos5x)+ e (5c0s 5x - 25sin 5x)
=e"(10cosSx—24sin5x) = 2e" (5cos 5x—12sin 5x)
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Question 7:

Find the second order derivatives of the function.

™ cos3x
Answer

Let y =" cos3x
Then,

Question 8:

Find the second order derivatives of the function.

Answer

Let y =tan ' x
Then,



% di[sm(logr)] cos(logv) (Iog)
d’yz_[cos(log,x)}
dv®  dx x
X :; | cos(log x) |~ cos(log x)- :{1\(:)

= -

Question 9: X

Find the .sefmsﬁh(ndgrryeilékbge@)if-m(usgsiyn-

>

X"
log (log r) xsin (log r) ~—cos(logx)
Answer ~ xz
Let V= log(r log x) gx)+cos(logx)|
Then, x”
Question 10:

Find the second order derivatives of the function.

Answer

Let y =sin(logx)
Then,
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cos(log x)

+x’)
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?\‘ dv(Scosr)——(Ssm.\) 5—(cosx) 3 (smx)

Questip(Lgihix) —3cosx = —(5sin x+3cosx)

d_x__l- (5sinx+3cosx)| d’y
Ify S5cosx— 3smx prove th :t—r—ﬂ'_o
Answer _ (smx)+3 i(cosx)

It is glven that y=5c08x— 3smx
[SCOb Xtoy-smy) |

Then,
=~[5cosx~3sinx]
= —J)
d’y
_+ ) = O
F y
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Hence, proved.

Question 12:

d*y
If y =cos ' x, find e in terms of y alone.

Answer

It is given that, y=cos 'x
Then,
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y=cos"' x=>x=cosy

Putting x = cos ¥ in equation (1), we obtain

d’y  —cosy
2 3
d J(l—cosz )-')
d’y  —cosy
= & o2V
(sin® y)
_ —cosy
sin’ y
—Ccosy |

= . P4 —
siny sin’y

2

V -
= —=-=—cot y-cosec’y
‘lx-

Question 13:

If y =3cos(logx)+4sin(logx), show that x*y, +xy, + y=0

Answer

It is given that, ¥ = 3cos(log x)+4sin(logx)

Then,
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y,=3 .%[cos(log x) |+ 4‘%[55;;(]033')]

- 3.[-sin(nogx).%(xogx)]+4-[cos(nogx)-%(nogx)]

.
."l

- VA

~3sin (logx)+ 4cos(logx) 4cos(logx)-3sin(logx)

X X X

=i[4w5(logx)-3sin(logx)]

dx X

x{4cos(log x)-3sin(log x)}' - ‘{4cos(logx) ~3sin (logx)}(x)’

X

-4{oos(|0gx)}' = 3{55“('08'\')}’ ] ~{4cos(logx)-3sin(log x)}.1

-

[_4sin (log x) (log x) —3cos(log x).(logx)'- —4cos(logx)+3sin(logx)

o

o)

X

x[—4sin(logx).% -3cos(logx).%}—4cos(logx)+ 3sin(log x)

x:
—4sin (log x) - 3 cos(log x) — 4 cos(log x)+ 3sin (log x)

e

—sin(logx) —‘7 cos(logx)

S R

I-=|e n

.

—sin(log x)—7cos(log x) 4cos(log x)—3sin (log x)
, proved. * i x

= —sin(log x)—7cos(log x )+ 4 cos(log x)—3sin (log x) + 3 cos(log x) + 4sin (log x)
Q__Lbestion 14:

-
‘v

; dy dy
Ify = Ae™ + Be™  show that —5 —(m+ ")?d:— +mny =0
X

dx

]4- 3cos(log x)+4sin (log x)
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Answer

It is given that, y = Ae¢™ + Be™
Then,

258 A-i(e"")+ B-i(e'") = A-e"".i(mx)+ B-e" -i(nx) = Ame™ + Bne"
dx dx dx dx dx
d’y d

v dx

(Ame"“' + Bne"') =Am- %(e”") +Bn- %(e’“)

=Am-e™ %(mx) +Bn-e" ‘%(nx) = Am’e™ + Bn'e™

d’y dy
“—(m+n)==+mny
dx” dx

= Am’e™ + Br*e" —(m+n) -(Ame"" + Bne'")+ mn(Ae‘"" + Be"")

X e My

= Am’e™ + Bn*e" — Am*e™ — Bmne"™ — Amne™ — Bn*e™ + Amne™ + Bmne"

I-=|e91ce, proved.

Question 15:

5 d*y
If y=500¢"" +600¢ ™", show that :i—tT =49y

Answer

It is given that, y = 500¢™" +600¢ ™
Then,
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Y _ 5009 (7 iz
Z"Soo'm(e7 )+600. x(e %)

=500-¢" ~%(7x)+600'e'7" -%(—7.\')

=3500e™ —4200e "
Ld’y d d

n o =3500-—(e™) - 4200.—(e7)

=3500-™.- L (7x)-4200-¢7 -4 (-7x)
dx dx

=7x3500-¢™ +7x4200-¢7*
=49x500¢™ +49x600¢ 7"
=49(500¢™" +600¢ )
=49y

Hence, proved.

Question 16:

. d’y _ dy]2
If ' (x+1)=1, show that a —(d\'

Answer

The given relationship is ¢ (x+1) =1

Taking logarithm on both the sides, we obtain

Differentiating this relationship with respect to x, we obtain
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(x +]) x+|

%=(x+l):;( ) (x+1).

,d’y__i( | )__ -1 |_ 1
T dx\x+l) (x+l)2 —(x+l):

Hence, proved.

Question 17:

If v =(tan" x)z, show that (x2 +I)2 ¥, 4—2x(x2 +l)y, =3
Answer

2

The given relationship is y=(tan'I x)
Then,

Hence, proved.



Exercise 5.8

Question 1:

Verify Rolle’s Theorem for the function f(x) =x'+2x-8,x€ [‘4’2]

Answer

./'(-4)=(—4)2 +2x(-4)-8=16-8-8=0
F(2)=(2) +2x2-8=4+4-8=0

The given function, f(x)=x2 +2x—R&, being a polynomial function, is continuous in [—4,

2] and is differentiable in (-4, 2).

2f(-4)=f(2)=0

= The value of f (x) at —4 and 2 coincides.

0

Rolle’s Theorem states that there is a point c € (—4, 2) such that f'(c)

Hence, Rolle’s Theorem is verified for the given function.
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Question 2:

Examine if Rolle’s Theorem is applicable to any of the following functions. Can you say

some thing about the converse of Rolle’s Theorem from these examples?
() f(x)=[x] forxe[5, 9]

(i) f(x)=[x] forxe[-2, 2]

@iy f(x)=x"=1forxe[l, 2]

Answer

By Rolle’s Theorem, for a function f:[u. b] - R, if
(a) f is continuous on [a, b]

(b) f is differentiable on (a, b)

(c) f(a) = f(b)

then, there exists some c € (a, b) such that f'(c‘)= 0

Therefore, Rolle’s Theorem is not applicable to those functions that do not satisfy any of

the three conditions of the hypothesis.
() f(x)=[x] forxe[5, 9]
It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9

= f (x) is not continuous in [5, 9].
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Let n be an integer such that n € (5, 9).

The left hand limit of /" at x = n is.

- (n+h) fn) [n+h] [n] I o () B
-t h—»l) Iv—»(l h -0 h

The right hand limitof f atx=nis,
lim f(n+h)—j(n) [n+h] [n] =1im 2" = lim0=0

h-t’ h—»o 0" h h—"
Since the left and right hand I|m|ts of f at x = n are not equal, f is not differentiable at x

=n

~f is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

Hence, Rolle’s Theorem is not applicable for /'(x)=[.\‘] for .x'e[S. 9].
(i) f(x)=[x] forxe[-2, 2]

It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = —2 and x = 2

= f (x) is not continuous in [-2, 2].
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Let n be an integer such that n € (-2, 2).

The left hand limit of /" at x = n is.

lim ("”’) 7n)_ ["”'] L] E o o SO
) h..n = h -0 )
The right hand limitof / atx =n is,
(n+h) _/(n) [n+h] [~] im ™" < lim 0=0
h-w h-»c) h-0" h h-0"

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~f is not differentiable in (=2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Rolle’s

Theorem.

Hence, Rolle’s Theorem is not applicable for f(x)=

@iy f(x)=x"=1forxe[l, 2]

[x] forxe[-2, 2].

It is evident that f, being a polynomial function, is continuous in [1, 2] and is

differentiable in (1, 2).

Af (1) % £ (2)

It is observed that f does not satisfy a condition of the hypothesis of Rolle’s Theorem.
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Hence, Rolle’s Theorem is not applicable for f(x) =x'=1forxe [l. 2]_

Question 3:
If f:[—S.S] — R is a differentiable function and if /"'(X)does not vanish anywhere, then

prove that f(-s) # /'(5).

Answer



It is given that / :[~5,5] > R is a differentiable function.

Since every differentiable function is a continuous function, we obtain
(a) f is continuous on [-5, 5].
(b) f is differentiable on (-5, 5).

Therefore, by the Mean Value Theorem, there exists c € (=5, 5) such that

It is also given that f'(x) does not vanish anywhe

Hence, proved.

Question 4:

Verify Mean Value Theorem, if f(x) =x’ —4x—3in the interval [a, b], where
a=land h=4

Answer

The given function is f(x)=x2 —4x-3
f, being a polynomial function, is continuous in [1, 4] and is differentiable in (1, 4)

whose derivative is 2x — 4.
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Hence, Mean Value Theorem is verified for the given function.

Question 5:
Verify Mean Value Theorem, if f(x) = x'~5x" = 3x in the interval [a, b], where a = 1 and

b = 3. Find all c&(1,3) for which f'(¢)=0

Answer

The given function f is f(x) =x' =5x% =3x
f, being a polynomial function, is continuous in [1, 3] and is differentiable in (1, 3)

whose derivative is 3x?> — 10x — 3.



Mean Value Theorem states that there exist a point c € (1, 3) such that f'(c)=—IO

/'(e)=-10

=3¢’ -10c-3=10
=3¢’ -10c+7=0
=3¢’ -3¢-T7c+7=0
:>3c(c—l)—7(c—|)=0
=(c-1)(3¢-7)=0

=ec=1, l,wherec=—ze(l, 3)
3 3

5
Hence, Mean Value Theorem is verified for the given function and c=§ e(1. 3) is the

only point for which f'((') =0

Question 6:
Examine the applicability of Mean Value Theorem for all three functions given in the
above exercise 2.

Answer

Mean Value Theorem states that for a function f:[tl. b] - R , if
(a) f is continuous on [a, b]
(b) f is differentiable on (a, b)

f(b)-1(a)

then, there exists some c € (a, b) such that ./"(C‘) = ——b_a

Page | 12dherefore, Mean Value Theorem is not applicable to those functions that do not satisfy

any of the two conditions of the hypothesis.




It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = 5and x =9
S (x)=[x] forxe[5, 9]

= f (x) is not continuous in [5, 9].

The differentiability of f in (5, 9) is checked as follows.

Let n be an integer such that n € (5, 9).

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~f is not differentiable in (5, 9).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.

Hence, Mean Value Theorem is not applicable for f(x)=[x] for xe[S, 9].

(i) f(x)=[x] forxe[-2, 2]

It is evident that the given function f (x) is not continuous at every integral point.

In particular, f(x) is not continuous at x = =2 and x = 2
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= f (x) is not continuous in [-2, 2].




The differentiability of f in (—2, 2) is checked as follows.

P Dery GO (D Shaf g (-2 )

S(B)=1(a)_F(2)=f(1) _3-0_
b—a 2-1 1

3

Since the left and right hand limits of f at x = n are not equal, f is not differentiable at x

=n

~f is not differentiable in (-2, 2).

It is observed that f does not satisfy all the conditions of the hypothesis of Mean Value

Theorem.
Hence, Mean Value Theorem is not applicable for f(x) = [r] for x G[—Z, 2] )

@iy f(x)=x"=1forxe[l, 2]
It is evident that f, being a polynomial function, is continuous in [1, 2] and is
differentiable in (1, 2).

It is observed that f satisfies all the conditions of the hypothesis of Mean Value Theorem.

Hence, Mean Value Theorem is applicable for f(x) =x" =1 forx e[l. 2].
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f(x)=2x
s f'(e)=3

=:2c=3

:c=§=1.5, where 1.5€[1, 2]
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Miscellaneous Solutions

(3x2 —9x+5)o

Question 1:

Lety= (3x2 —9x+ 5)0

Answer

Using chain rule, we obtain

Question 2:

Answer

Question 3:

Answer
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)]umZ:

Lety =(5x
Taking logarithm on both the sides, we obtain
log y =3cos2xlog5Sx

Differentiating both sides with respect to x, we obtain

lﬂ = "[long-%(cos?.x)+c052x-%(log5x)]

y dx
dv . [ ; d 1 d
= —=3y| log 5x(—sin2x)-—(2x)+cos 2x - —-—(5x
2~ 3p{togSx(-sin22) <& (25) s 2044 (5)|
:ﬂ=3y —2sin2xlog5x+coszx]
dx i X
:Q=3y )coszx—6sin2xlog5x]
dx =X

4 cos2x 2 .
.'.—‘—1')—=(5x)3 [3cos x—6sm2xlog5x]
dx x

Question 4:
sin”' (x\/;), 0<x<l
Answer

Let y =sin™' (x \/;)

Using chain rule, we obtain
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Answer



X
2

J2x+7

By quotient rule, we obtain

V2x+7 4

dx

N T —

—2x+7

) Ja-x? x(2x+7)_(\/2.x+7)(5x+7)
Question 6:

= +
\/4—x2\/2x+7 (2x+7)§

e

(\/2x+ 7)2

) (5557

|
J2J2x+7'

(=73
cos -
2)2
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\/|+sinx-—\/-l—sinx-

bely=col"[ -

V{I+sinx+\ﬁ—sinx]

JI+sinx +y1-sinx
" Jl+siny =1-sinx

B (x/l+sin.vrJr\/l--sinx)2

- (x/l +sinx = /1 —sinx)(JHsinx + Jl—sinx)
~ (1+sinx)+(1-sinx) + 2J(I—sinx)(|+sinx)
- (I+sin.r)—(i—sihx)

=2-4-2\/I-sin’x

2sinx
| +cosx
sinx

Then

» X
2co0s” —
2

= X
2sin = cos
2 2

'El'wgfore, equation (1) becomes
2

y = cot '(cotﬁ)
2

X
>y==
2
dv 1d
T L
dy _1
=>—=—
dx 2

Lety = (logx)™
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Taking logarithm on both the sides, we obtain

log y = log xlog (log x)

Ny sl
s —dx[loga Iog(logx)]

= i% = Iog(logx).%(logx) v Iogx--%[log(logx)]

2 -%(Iogx)]

=< =y[log(logx).%+ log x-

log x

dy | |
RS ._l log > S
:)dx y[x og( og'c)+x]

d" log x 1 IOg(log x)
s =(log: R S = ] Y
dx ( ogx) [x X X

Differentiating both sides with respect to x, we obtQuestion 8:
cos(acosx+bsin x) , for some constant a and b.

Answer

By using chain rule, we obtain

Question 9:

Answer



Let y =(sinx—cosx

)(r-in X=cosx)

Taking logarithm on both the sides, we obtain

log y= |og[( Sin X = cos x)(ﬂ"" 'mu)]

= lo

| dy

Vdx
|

— S
y
|

V

@, (sinx-cosx)
dx

dy

gy =(sinx—-cosx)-log(sinx-cosx)

= di[(sin x—cosx)log(sinx —cos.r)]
X
Z‘; = log(sinx —cosx)- ‘% (sinx -cosx)+(sinx—cosx)- ‘% log(sinx —cosx)

dh

Y 2 log(sin x — cos.x)-(cos x +sin x) + (sin x - cos x)- — i(sin X —COS X
dx (sinx—cosx) dv

(s x-oosx )

[ (cosx+sin x)-log(sin x—cos.x) +(cos x +sin v)]

g (sinx—cosx)"™™* ™" (cos x +sin x)[ 1+ log(sin x—cosx) |
X
Differentiating both sides with respect to x, we obtain
Question 10:

o a x a
X +x +a +a  for some fixed a>0 and x>0

Answer

Differentiating both sides with respect to x, we obtain
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:‘ Z’: = Iogx-i(x)hr- i_(logx)

du |
=>—=ullogx:-1+x:-—
dx x

o du _ X" [log x+1]=x"(1+log.x)
dx
v=x’
A _d g
T =)
= % = ax*” (3)
w=a'

= logw=loga"
= logw=uxloga

Differentiating both sides with respect to x, we obtain

1 dw d
Bl B 8
w dx %84 dx(x)
:ﬂ-wlo a
& 2
= i a*loga ..(4)
S =

Since a is constant, a® is also a constant.

ds
aadB0) = 5]
. dx (5)

From (1), (2), (3), (4), and (5), we obtain

-(2)
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Question 11:

x° +(x—3)r , for x>3
Answer
Lety = g L (x —3)‘;

Also, let = x"" and v = (x—3)"

SLy=u+v

Differentiating both sides with respect to x, we obtain
w dv

L (1)

de dx  dx

u=x""?

slogu = Iog(.\“" "‘)
log u = (x: ~ 3) log x

Differentiating with respect to x, we obtain

1 d d; s 2 d
;ﬁ: Iogx-E(x‘ -3)+(x —3)-E(logx)

= L3 Iog.\:-Z.vH(.\'2 —3)'l
u dx x

o 3'|:x —3+2xlogx:|
dx

Differentiating both sides with respect to x, we obtain



%.%: g(x-3)- —( )+x —[log(x 3)]
:%% log(x— E(x—:;)
dv

= — v[2xlog(x-3)+ x'3 -1:|

dx
:ﬁ"-_( _3)° [—§+7x10g(t 3)]

Substituting the expressions of %md% in equation (1), we obtain
X

& x":"|:t- 3+2xlogx] +(x-3)" [—~+2xlog(x 3)]
dbestlon 12‘ 3

dv n n
. b AN -1 - e ke A KA
Find -, if ' = 12(1-cosr),x=10(r~sinr), <155
Answer
Question 13:

Page | 143

dy :
Find d—’ if y=sin"' x+sin”'V1-x*, -18x<1

Answer



a2

It is given that, y =sin ' x+sin ' V1-x*

.'.%:%[sin"'x+sin"\]I—xz]
%:z(sin"xﬁ%(sin" l—xz)
S L L
-2 (V=)
dy 1 1 1 d 5
—- = 3 O —(1-x
dc J1-x* x 21-¥° dx( )
dy 1 1
e + -2x
dx \/l—x 2x\/l—r~ ( )
dy 1 1
=== -
dx \/I—\:’ \/l—x‘
dy _
Question 14:
If , for, —1 < x <1, prove that
Answer
ksgventret,

.\'\/l +y+pdl+x=0

1

+x)2
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:>x\/l+y =—pJl+x

Squaring both sides, we obtain
X(1+y)=»"(1+x)
SX+xy=y+x7

2 ] 2 >

=X —_l" = .1:}" - x’y
=~y = xy(y-x)
Diffel“entiatmyg b:thxs}ideéywith. respect to x, we obtain
=>(x+3)(x-2) = (r-)
o 7 +}’ ==Xy
=>(1+x)y=—x
= y=—

Y1+

Hene, poved.

Question 15:

If (.\'-a)z +(y--h)2 = ¢’ for some ¢ > (), prove that

3

—

+
R
S B &
;{J
—!

is a constant independent ofa and b

It is given that, (.r—a)2 +(y—b)2 =¢

Differentiating both sides with respect to x, we obtain



%[(x—a)2]+%[(_‘,_b):]= ‘%(Cz)

=:>2(.\'-a)-—‘i—_(x-—a)+2(y—h)-—i—(y-h)=0

:2(.\‘—0)-1-}-2()1—[;)-%:
dy —(x—a)

T (1
dx y=b ()

) dzy_i ~(x-a)

Cde de| y-b
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[(5-8)- L (s-a)~(x-a)- £ (1)

(v-b)

d
(v-8)-(x-a)- &

(y-b)
(-0)-(x-a{ "= |
= (y—b) [Usmg (1)]

=_'(y-b)=+(x-a)’]

(y-b)
d 2 (x a)] |:(y—b)2+(x—a)2]

. H(d{] _ { -0y |  (-b)

He ce,fgved _[(y—b) +(x-a)2] _[(y—b)2+(x—a)2]

“ (v-b) (v-b)

:

[V”)] (y b)

C‘

(y-b) (y ~b)
= —¢, which is constant and is independent of @ and b

LA
IR

Question 16:

dy cos’(a+y)
=) +y 1
If cos y = xcos(a+ v), with cosa # +1, prove that ~, de  sina

Answer

Page | 147




Page | 148

It is given that, cos y = xcos(a+ y)

%[cos y]= %[x cos(a+y)]

= —sin y% =cos(a+y)-%(x)+x-%[cos(a+y)]
= —sin y% =cos(a+y)+x-[—sin(a+y)]%
= [ xsin (a+y)—siny]dﬂ =cos(a+y) (1)
Y
Then, equation (1) reduces to cos
Since cos y =xcos(a+y). x=" x
cos(a+y)

[%-sin(a +y)-sin y]% =cos(a+y)

=>[cos y-sin(a+ y)-siny-cos(a+y) ] :‘jﬁ =cos’ (a+y)
x
. dy 3
=>sin(a+y- y)j— =cos’ (a+b)
X

dy cos’(a+h)
S>==—
dx sina

Hence, proved.

Question 17:

-

dy
ax’®

If x = a(cost+1sint) and y = a(sint ~1cost), find

Answer



(o)
cdv _\dit) _ atsint

. =tan/
dx (ﬂ) arcost
di
- d’y d dv) dr
Ihcn. _...J;.::v—— - tan/ —\L«c o
dx’ dx(dx ( ) dx
; [dx dt |
=sec - —=qICoSl => —=
at cost dt dx atcost
.
S '.0<1<z
at 2

Itis given that, x = a(coss +rsint) and y = a(sint —tcosr)
. dx

o= a-—(cost+tsml)

i ; d,.
= a[—S|nt+smr'z(f)+l~z(sm:):|

=a[—sinl+sint+lcost]=at cos!
dy

—_— =1 1
= =a- (sm cost)

- a[cosl —{cost )+ -%(COS')}]

=a| cost—{cosr—tsint} | = arsint
Question 18:

If] —|r| show that /" ( )eX|sts for all real x, and find it.
Answer

x, ifx=0

-x. ifx<0

Therefore, when x = 0, j( =|x| =x

It is known that, |\‘| {

In this case, /”(x)=3x"and hence, /"(x)=6x
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3

When x < 0, f(x)=[x' =(-x) =-x

|



S'(x)=-3x"

In this case,
and hence, /"(x)=—6x
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. 3
Thus, for](.l') =|X| , exists for all real x and is given by,

/(%)

: 6x, ifx=0
f (x)—{—&\'. ifx<0

Question 19:

digr
Using mathematical induction prove that —('\")= nx" 'for all positive integers n.

dx

Answer

Forn=1,

To prove: P(n): %(x") =nx"" for all positive integers n

~P(n) is trueforn =1

Let P(k) is true for some positive integer k.
That is, P(k):i(x* ) =kx*!
dx

It has to be proved that P(k + 1) is also true.
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Thus, P(k + 1) is true whenever P (k) is true.

Therefore, by the principle of mathematical induction, the statement P(n) is true for

every positive integer n.

Hene poved

Question 20:

Using the fact that sin (A + B) = sin A cos B + cos A sin B and the differentiation, obtain
the sum formula for cosines.

Answer
sin( A4+ B) = sin Acos B+ cos Asin B

Differentiating both sides with respect to x, we obtain

Question 22:
f(x) g(x) h(x) " f'(x) g'(x) m(x)
ify=| 1/ m n |, prove that Yol m "
dx
a b ¢ a b ¢
Answer
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f(x) g(x) h(x)

y=| 1 m n

a b c
:>y=(mc—-nb)f(x)—(lc-—na)g(x)+(lb—-ma)h(x)

Then, —~ ——[(mc nb)f(x):l———-[(lc na)g(x)_l+-~ [(1b~ma)h(x)]
-(mc—nb)f (x)=(lc—na)g’'(x)+(lb—ma)h'(x)

r(x) g ()
= [ m n
a b C
"(x) g'(x) h'(x
s, ap | ) &%) ()
:&= / m n
a b (44
Question 23:
d’y dv
y 41008 v l_ __»____ Y s )_0
Ify=e¢ -1€x<1, showthat( \‘) vdx ay
Answer

acos 'y

It is given that, y =¢
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Taking logarithm on both the sides. we obtain

log y=acos ' xloge
log y=acos™ x
Differentiating both sides with respect to x, we obtain

v,
Vdx -2
:>dy_ -ay

& -y

By squaring both the sides, we obtain
-5
de) 1-x*
> (1-# )[")‘J =ty
dx
2 dy & 2 2
I-x*)| = | =a’
(1-x )( d\'] a’y
Again differentiating both sides with respect to x, we obtain

(2] 4-2)+(1-5 )m{(@)] 4 (y)

2

dV ) / V - )
:(d\] (—2x)+(1-x* )x2d’ —a'.2_v.2)r

va

dv’ dv’
dy Y dy d’y dy
:(—‘zx“] (—2X)+(|— )X2 —d;j—a 2‘ e
:—x@+(l—x2)d~f’=az.y [@;tO]
dx dx” dx

(I—x*)i’f—xﬁi—a{v:O

Hence, proved.




